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Abstract
A correlation between accelerated motion and a noncompact 5th di-
mension is proposed. The curvature invariants and the stress energy ten-
sor in the bulk depend only on the 5th dimension w and vanish asymp-
totically while the proper acceleration of a static observer is proportional
to 1/w. The brane (located at w = w0) metric is conformally flat (of AdS
type) with Λ = −3/w20 and the invariant acceleration a =
√
abab = 1/w0.
Therefore, we assume that a hyperbolic observer with the rest-system ac-
celeration a is embedded in the 5th dimension at w0 = 1/a.
Keywords: brane world, AdS space, proper acceleration, conformally
flat, induced metric
1 Introduction
Despite the great successes of the Standard Model in particle physics and cos-
mology, there are still serious problems which have to be solved, such as the
cosmological constant (c.c) problem, the black hole information loss paradox,
the dark energy problem and the fact that our universe is accelerating. As Sto-
jkovic [1] has noticed, some radical new ideas are needed to face those problems.
Instead of changing the known physical theories, we could use a different back-
ground to formulate them. Stojkovic proposed that the space is lower dimen-
sional at scales shorter than 10−17cm and is higher dimensional at scales larger
than one Gpc [1] (see also [2, 3]). In other words, the number of dimensions
increases with the scale. If so, there is no need to quantize the 3+1-dimensional
gravity but instead we should quantize 2 + 1-dimensional gravity.
Changing the dimensions of the universe at large distances may have conse-
quences for cosmology. Ponce de Leon [4] and Overduin and Wesson [5] focused
on an homogeneous and isotropic solution of vacuum Einstein’s equations in five
dimensions
ds2 = −dt2 + e2
√
Λ/3t(dr2 + r2dΩ2) + dw2, (1.1)
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where Λ = 3/w2 and dΩ2 stands for the metric on the unit 2-sphere. On
the w = const. hypersurfaces, the above geometry reduces to a 4-dimensional
de Sitter geometry with constant Λ and, therefore, an observer located on a
w = const. slice will measure a nonzero stress tensor. This ”induced matter”
energy-momentum tensor arises from pure geometry in the higher dimensional
space and is sometimes called ”shadow matter” [6]. We see that observers
located at different slices of 5-dimensional space acquire different values of the
c.c. Izumi and Shiromizu [7] remarked that a spacetime with compact extra
dimensions is semiclassically unstable. The space decays to the Witten bubble-
type space (”bubble of nothing”) [8, 9, 10, 11]. They constructed exact solutions
with the Witten bubble in the DGP [12] braneworld model and found that the
geometry on the single brane looks like an Einstein-Rosen bridge.
We develop in this work a solution of 5-dimensional Einstein’s equations
with a stress tensor satisfying the equation of state p = −ρ on the hypersurface
w = w0 = const., where w is the 5th dimension. The metric coefficients on the
4-dimensional subspace depend on w which is viewed as an inverse acceleration.
The 5-dimensional space is conformally-flat and all curvature invariants depend
on w only, being divergent at w = 0. Applying the Shiromizu et al. prescription
[13] (see also [14]) upon the Gauss-Codazzi equations for the variation of the
extrinsic curvature, we have written down the stress energy tensor on the brane
w = w0 and found that the 5-dimensional Newton’s constant depends on which
hypersurface we are located in. In addition, we proposed that an accelerated
observer finds himself in a curved (AdS) spacetime with a negative cosmological
constant generated by acceleration.
We use everywhere the velocity of light c = 1, unless explicitly stated.
2 Bulk geometry
In our framework, the 3-dimensional sheet we are located is embedded in a
(4 + 1)- dimensional bulk, whose geometry we propose to be of the form
ds2 =
w2
z2
(−dt2 + dx2 + dy2 + dz2) + dw2, (2.1)
where t, x, y, z are the common Cartesian coordinates and w stands for the fifth
dimension which will be considered to be noncompact. We take from now on
z ≥ 0, w ≥ 0, for simplicity.
The w = const. hypersurfaces represent an anti de Sitter (AdS) spacetime
and has been studied elsewhere [15], but in spherical coordinates. To be an
exact solution of Einstein’s equation in five dimensions, 5Gab = 8piG5
5Tab, we
need the following source on its r.h.s.
8piG5
5T ab = diag
(
6
w2
,
6
w2
,
6
w2
,
6
w2
,
12
w2
)
. (2.2)
where G5 is the 5-dimensional Newton constant. We notice that
5Tab corre-
2
sponds to an anisotropic fluid with
− ρ = px = py = pz = pw
2
=
6
w2
(2.3)
where ρ < 0 is the fluid energy density and px, py, pz, pw are the corresponding
pressures. These kinematical parameters are divergent at w = 0 and vanish
asymptotically. Calculating the curvature invariants of the metric (2.1) we
find that the scalar curvature, the Kretschmann invariant and the Ricci tensor
squared are, respectively, given by
5Raa = −
24
w2
, 5Rabcd 5Rabcd =
96
w4
, 5Rab 5Rab =
144
w4
. (2.4)
All the above invariants are divergent on the hypersurface w = 0 which from
(2.1) seems to represents a null surface. On the other hand, the invariants
vanish asymptotically (same for the components of 5T ab) which leads us to the
conclusion that w →∞ corresponds to the 4-dimensional Minkowski spacetime.
In addition, the Weyl tensor Cabcd = 0 so the geometry (2.1) is conformally-flat.
Let us take now a congruence of static observers in the geometry (2.1), with
the velocity vector field
ua = (
z
w
, 0, 0, 0, 0) (2.5)
with ubub = −1. The acceleration 4-vector ab = ua∇aub has the nonzero
components
az = − z
w2
, aw =
1
w
, (2.6)
with the proper acceleration
A ≡
√
abab =
√
2
w
. (2.7)
The acceleration is vanishing when w →∞, i.e. the static observer is geodesic,
as it should be in the Minkowski spacetime.
3 Brane-world stress tensor
We take for the time being a general bulk spacetime with five dimensions. Our
4-dimensional world is described by a three-brane embedded in a 5-dimensional
space. Let na be the spacelike unit vector field normal to the brane hypersurface
and hab = gab − nanb, the induced metric on the brane (gab is the full 5-
dimensional metric). Shiromizu et al. [13] have shown that, from the Gauss
equations relating the Riemann tensors in 5- and 4-dimensions and the Codazzi
equations for the variation of the extrinsic curvature, one readily obtains
Gab = (
5Rcd − 1
2
gcd
5R)hcah
d
b +
5 Rcdn
cndhab +KabK −KcaKbc
−1
2
hab(K
2 −KcdKcd)− Eab
(3.1)
3
where K = Kaa is the trace of the extrinsic curvature Kab = h
c
ah
d
b∇cnd, Gab is
the 4-dimensional Einstein tensor and
Eab =
5 Cacbdn
cnd. (3.2)
We wish now to apply the Shiromizu et al. formalism [13] (see also [14]) for the
5-dimensional metric (2.1). We choose, for convenience, the brane to be located
on the hypersurfacew = w0, so that the normal to the brane is n
a = (0, 0, 0, 0, 1).
We now evaluate the terms from the r.h.s. of (3.1). Noting firstly that Eab = 0
since (2.1) is conformally-flat. For the nonzero components of the extrinsic
curvature of the w = w0 hypersurface one obtains
Kxx = Kyy = Kzz = −Ktt = w0
z2
(3.3)
with Kaa = ∇ana = 4/w0. Keeping in mind that
5Rab = diag
(
− 6
w2
,− 6
w2
,− 6
w2
,− 6
w2
, 0
)
, (3.4)
we have on the brane
Gab = diag
(
3
w2
0
,
3
w2
0
,
3
w2
0
,
3
w2
0
)
. (3.5)
We use now the Lanczos equation
−Kab + habK = LGab = 8piG5Tab, (3.6)
where L has a length scale and Tab is the stress tensor on the brane. To find
how G5 and G4 are correlated in Eq. (3.6), we employ (3.3) and (3.5) in (3.6)
and obtain L = w0. We get now G4 = G5/w0.
Keeping in mind (2.7), it is suitable to read 1/w0 as a constant acceleration,
namely, w0 = 1/a. With this choice, the metric on the brane appears as
ds2 =
1
a2z2
(−dt2 + dx2 + dy2 + dz2), (3.7)
which is an AdS spacetime written in Cartesian coordinates, with Λ = −3a2.
Eq. (3.7) is just the metric (2.2) from [15] when the mass m = 0 and the trans-
formation from the Cartesian coordinates to spherical coordinates is performed.
The curvature invariants on the brane are given by
Raa = −12a2, RabcdRabcd = 24a4, RabRab = 36a4, (3.8)
with a vanishing Weyl tensor. We note also that all the curvature invariants do
not depend on the coordinate z (same is valid for the stress tensor). The velocity
vector field ua = (az, 0, 0, 0) of a static observer leads to the acceleration
ab = (0, 0, 0,−a2z), (3.9)
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with
√
abab = a. In other words, our interpretation of w0 as an inverse accel-
eration seems to be correct. We read this in the following manner: when an
observer undergoes a hyperbolic motion with constant acceleration a, he/she
immerses in the fifth dimension at w = w0 = 1/a. When a varies, so does the
observer’s position in the fifth dimension. Our approach is similar with that of
Billyard and Sajko [16] to whom the 5-dimensional spacetime can be viewed as
a foliation of the 4-dimensional sheet or of D.-C. Dai et al. [17] (see also [18])
who consider that our (3+1)-dimensional universe is actually a dense stack of
multiple parallel (2+1)-dimensional branes (they generalize the DGP model to
a multibrane case).
We must remind that a is the rest-system acceleration, i.e. observer’s accel-
eration w.r.t. an inertial observer instantaneously at rest with the accelerating
one. The difference is that for the inertial observer w0 = ∞ but w0 = 1/a for
the accelerating observer. Hence, even though at some instant they have the
same 4-dimensional coordinates and velocities, they are immersed at different
values of w.
Let us recall Overduin’s and Wesson’s conjecture that w could be taken as
the particle mass, namely w = Gm/c2. That allows us to treat the rest mass
m as a length coordinate in analogy with x0 = ct [5]. A comparison with our
choice gives a = c4/Gm, namely a ∝ κ, where κ = c4/4Gm is the surface gravity
associated to the mass m (if it were a black hole). However, our proposal is not
related to any mass. As we have seen in a previous paper [15], inertial forces
arise from the curvature induced by the negative c.c. Λ = −3a2.
4 Conclusions
It is clear that some radical ideas are necessary to face fundamental problems as
the c.c. problem, the accelerating universe, the black hole information issue or
the quantum gravity conundrum. Ponce de Leon [4] and Overduin and Wesson
[5] noticed that an observer located at w = const. slice will measure a nonzero
stress tensor arising from the 5-dimensional geometry and observers located at
different slices acquire different values of the c.c. Similar ideas are develop in
this work . The bulk geometry is chosen to have the special form (2.1) for to
facilitate a connection between acceleration and w. We have used the Shiromizu
et al. [13] recipe to find the brane-world stress tensor which satisfies the equation
of state ρ = −p = const. < 0 and, therefore, the metric on the brane is of AdS
type, with Λ = −3a2, where a = 1/w0. The mathematical form of the proper
acceleration led us to read an uniformly accelerating motion as an immersion in
the 5th dimension, at w0 = 1/a.
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